For free fields, pair creation in expanding universes is associated with the building up of correlations that lead to nonseparable states, i.e., quantum mechanically entangled ones. For dissipative fields, i.e., fields coupled to an environment, there is a competition between the squeezing of the state and the coupling to the external bath. We compute the final coherence level for dissipative fields that propagate in a two-dimensional de Sitter space, and we characterize the domain in parameter space where the state remains nonseparable. We then apply our analysis to (analogue) Hawking radiation by exploiting the close relationship between Lorentz violating theories propagating in de Sitter and black hole metrics. We establish the robustness of the spectrum and find that the entanglement among Hawking pairs is generally much stronger than that among pairs of quanta with opposite momenta.
I. INTRODUCTION
The propagation of quantum fields in expanding cosmological backgrounds leads to the spontaneous creation of pairs of particles with opposite momenta [1] . For free fields, relativistic or dispersive, this pair creation (also called the dynamical Casimir effect in condensed matter physics, see e.g., Refs. [2, 3] ) is associated with the building up of nonlocal correlations that lead to quantum mechanically entangled states [4, 5] . To define these states without ambiguity, we shall use the notion of nonseparability [6] , see Appendix B. For dissipative fields, i.e., fields coupled to an environment, there is a competition between the squeezing of the state, which increases the strength of the correlations, and the coupling to the external bath, which reduces it [7] [8] [9] .
Our principal aim is to study this competition. We shall work both in time-dependent (cosmological) settings and with stationary metrics. For simplicity and definiteness, we consider fields that propagate in a twodimensional de Sitter space and display dissipative effects above a certain momentum threshold Λ. For these fields, the final coherence level is constant and well defined. We characterize the domain in parameter space where the final state is nonseparable. The parameters are the mass of the field, the temperature of the environment, and the ratio Λ/H, where H is the Hubble constant. Since the dissipative/dispersive effects we are considering are suppressed in the infrared, our models can be conceived as providing a phenomenological approach to theories of quantum gravity, such as Hořava-Lifshitz gravity [10] , * julian.adamek@unige.ch † xavier.busch@th.u-psud.fr ‡ renaud.parentani@th.u-psud.fr
where Lorentz invariance is violated at high energy. In these theories, dissipative effects will necessarily appear through radiative corrections [11] . We also recall that in condensed matter, the spectrum of quasiparticles often displays dissipation above a certain threshold. Hence, our model can also be viewed as a toolbox to compute the consequences of dissipation on pair production and parametric amplification found, e.g., in the superfluid of polaritons studied in Ref. [12] .
The interest in working in de Sitter space is twofold. On the one hand, the analysis of the state can be done in terms of homogeneous modes and pair creation of quanta with opposite momentum. On the other hand, the state can also be analyzed in terms of stationary modes and thermal-like effects associated with the Gibbons-Hawking temperature [1] . It is rather clear that the homogeneous representation in de Sitter can be conceived as an approximation to e.g., slow roll inflation, see Refs. [13, 14] . What is less obvious is that de Sitter also provides a reliable approximation to describe dissipative fields propagating in black hole metrics. Indeed, when the ultraviolet scale Λ is well separated from the surface gravity of the black hole, the dissipative aspects of typical Hawking quanta all occur in the near horizon region, which can be mapped into a portion of de Sitter space (when the Hubble constant is matched to the surface gravity). As a result, the state evaluated in a black hole metric can be well approximated by the corresponding one evaluated in de Sitter. In this respect, the present paper follows up on our former work [15] where we studied this correspondence for dispersive fields. The reader unfamiliar with field propagation in de Sitter space will find in that work all necessary information. when considering such theories. In Sec. III, exploiting the homogeneity of de Sitter, we compute the spectral properties and the correlations of pairs with opposite momenta. In Sec. IV, exploiting the stationarity, we compute the deviations with respect to the Gibbons-Hawking temperature. We apply our model to black holes in Sec. V, and we conclude in Sec. VI. We work in units where = c = 1.
II. DISSIPATIVE AND DISPERSIVE FIELDS A. Covariant settings
We study a scalar field φ that has a standard relativistic behavior at low energy but displays dispersion and dissipation at high energy, thereby violating (local) Lorentz invariance. While high-energy dispersion is rather easily introduced and has been studied in many papers both in cosmological settings [14, [16] [17] [18] and black hole metrics [19, 20] , see e.g., Ref. [21] for a review, dissipation has received comparatively much less attention. When preserving unitarity and general covariance, dissipation is also technically more difficult to handle. To do so in simple terms, following [22] , we introduce dissipation by coupling φ to some environmental degrees of freedom ψ, and the action of the entire system S tot = S φ + S ψ + S int is taken quadratic in φ, ψ, as in models of atomic radiation damping [23] and quantum Brownian motion [24] . Again for reasons of simplicity, we shall work in 1 + 1 dimensions. The reader interested in four-dimensional models may consult [13] , where there is a phenomenological study of inflationary spectra in dissipative models.
In the present work, we consider dispersion relations that contain both dispersive and dissipative effects. These relations can be parametrized by two real functions Γ, f as
where Γ(P 2 ) > 0 is the damping rate, and f (P 2 ) describes dispersive effects. To recover a relativistic behavior in the infrared, a typical behavior would be Γ ∼ P 2 and f ∼ P 4 for P 2 → 0. In Eq. (1), Ω and P 2 are, respectively, the proper frequency and the proper momentum squared as measured in the "preferred" frame [25] , i.e., the frame used to implement the dispersion relation. In condensed matter systems, it is provided by the medium. Instead, in the phenomenological approach to Lorentz violating effects we are pursuing, it should be given from the outset, either as a dynamical field endowed with an action [10, 26] , or as a background field (as we shall do). To describe it in covariant terms, following Ref. [27] , we introduce both the unit timelike vector field u which describes the flow of preferred observers, and the unit spacelike vector field s which is orthogonal to u. In terms of these, one has Ω = u µ p µ and P 2 = (s µ p µ ) 2 where p µ is the momentum of the particle in an arbitrary coordinate system. In two dimensions, the metric g µν can be written as g µν = −u µ u ν + s µ s ν which expresses that u and s are orthonormal vectors.
We now consider a unitary model which implements Eq. (1) . This model is not unique but can be considered as the simplest one, as shall be made clear below. In covariant terms, the total action S tot = S φ + S ψ + S int is
where
is the covariant measure. In the first line, S φ is the standard action of a massive scalar field, apart from the last term which introduces the high frequency dispersion described by f (P 2 ). In two dimensions, the self-adjoint operator which implements
is an anti-self-adjoint operator (when u is a freely falling frame), ∇ † s = −∇ µ s µ its adjoint, and ∇ µ the covariant derivative. A fourdimensional version of this model can be found in [22] .
The second action, that of the ψ field, contains the extra dimensionless parameter q, which can be considered as a wave number in some extra dimension. Its role is to guarantee that the environment degrees of freedom are dense, something necessary to engender dissipative effects when coupling ψ to φ [22, 24] . The role of the frequency Λ is to set the ultraviolet scale where dissipative effects become important. The kinetic term of ψ is governed by the anti-self adjoint operator ∇ u . = −(u µ ∇ µ + ∇ µ u µ )/2 which implements Ω = u µ p µ . We notice that there is no spatial derivative acting on ψ. This means that the quanta of ψ are at rest in the preferred frame. This restriction can easily be removed by adding the term c 2 ψ (∇ s ψ) 2 which associates to c ψ the group velocity of the lowuanta. Including this term leads to much more complicated equations because dissipative effects are then described by a nonlocal kernel, as shall be briefly discussed after Eq. (11) . For reasons of simplicity, we shall work with c ψ = 0 which gives a local kernel. Moreover, in homogeneous universes c ψ = 0 also implies that the Ψ-modes are not parametrically amplified by the cosmological expansion. When working with given functions Γ(P 2 ) and f (P 2 ), we do not expect that the complications associated with c ψ = 0 will qualitatively modify the effective behavior of φ, at least when Λ is well separated from the Hubble scale.
The interaction between the two fields is given by the third action. The strength and the momentum dependence of the coupling is governed by the function γ(P ) which has the dimension of a momentum. Its role is to engender the decay rate Γ entering Eq. (1). The last two actions possess peculiar properties which have been adopted to obtain simple equations of motion. These are
The solution to the second equation is
where ψ 0 q is a homogeneous solution, and where the driven solution is governed by G q (x, x ), the retarded Green function of ψ q . When injecting ψ q in the rhs of the first equation, one obtains the equation of φ driven by ψ 0 q . The general solution can be written as φ = φ dec + φ dr , where the decaying part is a homogeneous solution, and where the driven part is given by
In a general Gaussian φ − ψ model, the retarded Green function G ret would obey a nonlocal equation, i.e., an integro-differential equation. We have adjusted the properties of S ψ and S int precisely to avoid this. Two properties are essential. Firstly, at fixed q and along the orbits of u, Eq. (3b) reduces to that of a driven harmonic oscillator. This can be seen by introducing the coordinates (τ, z) defined by u µ ∂ µ = −∂ τ |z where z is a spatial coordinate which labels the orbits of u. Then, ∇ u applied on scalars is
where a(τ, z) . = e τ dτ Θ(τ ,z) , and where Θ . = −∇ µ u µ is the expansion of u. Hence the rescaled field
obeys the equation of an oscillator of constant frequency πΛ |q|. Secondly, when summed over q, the retarded Green function of ψ obeys [22] 
. Eq. (8) guarantees that the differential operator encoding dissipation is local. Namely, when inserting ψ q of Eq. (4) in Eq. (3a), one finds
with the local differential operator
One can now verify that the WKB solutions of diss φ = 0 are governed by a Hamilton-Jacobi action which obeys the dispersion relation of Eq. (1) with
see Appendix C for more details. The reader can also verify that any modification of the actions S ψ and S int leads to the replacement of diss by a nonlocal operator. When considered in homogeneous and static situations, this is not problematic because one can work with Fourier modes in both space and time. However when considered in nonhomogeneous and/or nonstatic backgrounds, it becomes hopeless to solve such an equation by analytical methods.
In our model, the retarded Green function thus obeys
and vanishes when x is in the past of x , where the past is defined with respect to the foliation introduced by the u field. When canonically quantizing φ and ψ, since our action is Gaussian, the commutator
] is independent ofρ tot , the state of the entire system. Moreover, it is related to G ret in the usual way
In this paper we only consider Gaussian states. This implies [28, 29] that the density matrixρ tot , and all observables, are completely determined by the anticommutator ofφ,
that ofψ, and the mixed one containingφ andψ. Decomposing the field operatorφ =φ dec +φ dr , G ac splits into three terms. The first one involves onlyφ dec , the second contains bothφ dec andφ dr , and the last onlyφ dr . When assuming that the initial conditions are imposed in the remote past, because of dissipation, only the last one is relevant. Using Eq. (5), it is given by
where the noise kernel is
In Secs. III and IV, we compute G dr ac and extract from it pair creation probabilities and Hawking-like effects taking place in de Sitter space.
B. Affine group in de Sitter space
The two dimensional de Sitter space possesses three Killing vector fields that generate the algebra of the Lie group SO (1, 2) . Imposing that the action is invariant under the full group precludes ultraviolet dispersive and dissipative effects such as those of Eq. (1), see Appendix A in Ref. [15] for the proof. Since we want to work with Eq. (1), we must break (at least) one of these symmetries. As in Refs. [15, 33] , we preserve the invariance under a two dimensional sub-group which corresponds to the affine group. Its algebra is generated by the Killing fields K z and K t . Using the cosmological coordinates t, z of the Poincaré patch
K z = ∂ z generates translations in z and expresses the homogeneity of the sections t = cst., whereas K t = ∂ t − Hz∂ z expresses the stationarity of de Sitter. Using X = e Ht z, this symmetry becomes manifest,
Considering the two Killing fields K z and K t , there is only one unit timelike freely falling field which commutes with both of them. We call it u ff , and we call s ff the spatial unit orthogonal vector u ff · s ff = 0. Then the coordinates t, X are both invariantly defined in terms of
Imposing that the action of Eq. (9) be invariant under the affine group requires that the preferred fields u and s commute with K t and K z . This fixes u and s up to a boost, see Appendix A. For simplicity, in what follows, we work with u = u ff . In this case, the preferred frame coincides with the cosmological one, and the orbits of u are z = cst.
We also impose that the statesρ tot are invariant under the affine group. This is analogous to the restriction to the so-called α−vacua which are invariant under the full de Sitter group [34, 35] . This means that G ac , G ret and N of Eq. (15) will be invariant under both K t and K z . However, because the commutator [K z , K t ] = −HK z does not vanish, one cannot simultaneously diagonalize K z and K t . This leads to two different ways to express the two-point functions, either at fixed wave number k = −i∂ z|t , or at fixed frequency ω = i∂ t|X . Explicitly, one has
where k = |k|, and where the "any" subscript indicates that these Fourier transforms apply to any two-point function which is invariant under the affine group. (In Eq. (19a), G k only depends on k because we impose isotropy.)
What is specific to this group is that the two symmetries combine in a nontrivial way, and imply that twopoint functions only depend on two quantities, and not three, as it is generally the case in homogeneous or stationary metrics. In the homogeneous representation, it implies that the product k G k any (η, η ) only depends on the physical momenta P = −Hkη, P = −Hkη . Hence, in what follows, we work in the P -representation with
To reach this representation when starting from the stationary G ω any (X, X ) is more involved, and is explained in Appendix A.
III. HOMOGENEOUS PICTURE

A. Dissipation and nonseparability
In this section, we decompose the fields in Fourier modes of fixed k. This representation is suitable for studying the cosmological pair-creation effects induced by the expansion a(t) = e Ht = −1/Hη. To express the outcome of dissipation in standard terms, we exploit the fact that Lorentz invariance is recovered in the infrared, for momenta P = ke −Ht Λ. In this limit, since Γ and f of Eq. (1) are negligible, the k components ofφ decouple fromψ, and obey a relativistic wave equation. Hence, the k component of the (driven) field operator of Eq. (5) can be decomposed in the out basis asφ
where the out modes obey the scalar wave equation and satisfy the standard positive frequency condition at late time. This means that the (reduced) state ofφ (obtained by tracing overψ) can be asymptotically described in terms of conventional excitations with respect to the asymptotic out-vacuum.
For notational simplicity, we omit the δ(k − k ) when writing two-point functions because it is common to all of them since we only consider homogeneous states. For instance, Tr ρ tot {φ †
The mean number of asymptotic outgoing particles is n k > 0, whereas the complex number c k characterizes the strength of the correlations between particles of opposite wavenumber. The relative magnitude of this number leads to the notion of nonseparability.
To explain this, we recall that the correlations weighted by c k obey the following Cauchy-Schwartz inequality,
see Appendix B for more details. To characterize the level of coherence, we shall use the parameter of Ref. [36] 
which belongs to the interval [0, n k + 1]. When δ k = 0, one has a maximally entangled squeezed state with zero entropy, and when δ k = n k + 1 one has an incoherent thermal state of maximum entropy. For homogeneous Gaussian states, one also verifies that the entropy is monotonically growing with δ k . The important and nontrivial fact is that δ k = 1 divides states that are quantum mechanically entangled from states that only possess classical correlations. To show this we recall the notion of separability. A twomode state is called separable when it can be written as a weighted sum of products of two one-mode states, where all weights are positive and can thus be interpreted as probabilities. In this case, the strength of the correlations is more restricted than Eq. (24) . Indeed, one finds |c k | 2 ≤ n 2 k , see Appendix B. As a consequence, whenever
a homogeneous state is nonseparable, i.e., so entangled that it cannot be represented as a classically correlated state characterized by probabilities. In terms of δ k this criterion is simply given by δ k < 1.
B. Invariant states and P representation
Since the states we consider are invariant under the affine group, n k and c k are necessarily independent of k. We shall nevertheless keep the label k to remind the reader that we work at fixed k and not at fixed ω as in the next section. Because of the affine group,
only depends on P , where ϕ k (t) is the (positive unit norm) out mode of Eq. (21) . The norm of the mode ϕ is fixed by the Wronskian
Using such ϕ and Eqs. (20) and (22), Eq. (15) can be written as
In the second line, the noise kernel of Eq. (16), which is also invariant under the affine group for the set of states we are considering, has been written in the Prepresentation using Eq. (20) . To extract n k and c k from the above equations, we need to compute G ret and N . Using Eq. (20), Eq. (12) reads
The unique (retarded) solution can be expressed as
with the optical depth [13] ,
Its role is to limit the integrals over P 1 and P 2 in Eq. (29b) to low values so that I P 0
1. All information about the state for higher values of P is erased by dissipation. In Eq. (31) we have introduced
whereφ is a homogeneous damped solution of Eq. (30) . By construction,φ P obeys the reversible (damping free) equation
and is normalized by Eq. (28) . Moreover, we impose that it obeys the out positive frequency condition, meaning that in the limit P → 0, it asymptotes to the out mode ϕ of Eq. (27) . Hence, comparing Eq. (22) with Eqs. (29b) and (31), we find
These central equations establish how the environment noise kernel N fixes the late time mean occupation number and the strength of the correlations. We now compute N . When u is freely falling, the rescaled fieldΨ 0 q of Eq. (7) is a dense set of independent harmonic oscillators of constant frequency Ω q = πΛ|q|, one at each z. The frequency is constant because we set c ψ = 0 in the action for ψ, see the discussion after Eq. (2). It implies that the positive frequency mode functions are the standard e −iΩqt / 2Ω q , and that the state of these oscillators remains unaffected by the expansion of the universe. Hence T ψ , the temperature of the environment, is not redshifted.
We here wish to recall that for relativistic (and dispersive) fields, the vacuum state of zero temperature is the only stationary state which is Hadamard [15] . Hence, for these fields, the temperature is fixed to zero. This is not the case in our model where any temperature T ψ is acceptable. In what follows, we shall thus treat T ψ as a free parameter, and work with homogeneous thermal states. This means that the expectation value of the anticommutator ofψ 0 q is given by
The factor coth(Ω q /2T ψ ) = 2n
The prefactor δ(z − z )/ a(t)a(t ) comes from the facts thatΨ 0 q of Eq. (7) is a dense set of independent oscillators, and that a(τ, z) reduces here to the scale factor a(t). To get N of Eq. (16) one should differentiate the above and integrate over q. The integration gives a distribution which should be understood as Cauchy principal value,
To be able to re-express Eq. (37) in the P -representation, it is necessary to verify that it is invariant under the affine group. This is easily done using notations of the Appendix A. One verifies that the first factor simply equals δ(∆ 2 ), whereas the second line is only a function of ∆ 1 . Taking into account the derivatives of Eq. (16), in the Prepresentation, the noise kernel at temperature T ψ reads
The symbol P.V. indicates that when evaluated in the integrals of Eq. (35), the nonsingular part should be extracted using a Cauchy principal value prescription on ln(P /P ) = H(t − t ). In the high-temperature limit, the double integrals of Eq. (35) can be evaluated analytically because N effectively acts as a Dirac delta function. Instead, when working with an environment in its ground state, or at low temperature T ψ , we are not aware of analytical techniques to evaluate these integrals. Hence, to study the impact of dissipation on coherence in (near) vacuum states, we shall numerically integrate Eqs. (35) .
C. Numerical Results
In the forthcoming numerical computations, for simplicity, we work with
which contain the same ultraviolet momentum scale Λ. The dimensionless coupling g 2 controls the relative importance of dispersive and dissipative effects. In the limit g 2 → 0, we get the quartic superluminal dispersion studied in Refs. [14, 15] . The critical coupling g 2 crit = 2, greatly simplifies the calculations, since f − Γ 2 = 0 guarantees thatφ P obeys a relativistic equation, see Eq. (34) .
Using a numerically stable procedure for the Cauchy principal values like in Ref. [13] , we compute n k and c k of Eq. (35) in the parameter space Λ, g 2 , m 2 , and T ψ . Since all physical effects only depend on dimensionless ratios, we present the numerical results in terms of µ = m/H, λ = Λ/H, and ϑ = T ψ /H.
Massless critical case
We begin with the massless case (µ 2 = 0) and with g = g crit . Then Eq. (34) is particularly simple since the rescaled modeφ of Eq. (33) reduces for all P to the out-mode ϕ P = e iP/H / √ 2H. In this we recover the conformal invariance of the massless field in two dimensions. There usually would be no particle production when it propagates in de Sitter space, however, the conformal invariance being broken by dissipation, pair-creation will take place.
In Fig. 1 we present n k and δ k when the environment is in its ground state (T ψ = 0). For comparison, we also show n k for quartic dispersion (g 2 = 0) which can be computed analytically in the Bunch-Davies vacuum [14] . For λ → ∞ the number of particles goes to zero as 1/λ, as is expected since conformal invariance is restored in this limit. Despite dissipation, we find that δ k < 1 for all values of λ. This indicates that the state is always nonseparable in the two-mode k basis. In addition, contrary to what might have been expected, the two-mode entanglement is stronger for smaller values of λ, i.e., stronger dissipative effects. The reason for this has to be found 
Numerical values for n k and δ k for a massless field with critical damping g = gcrit and quartic superluminal dispersion at the energy scale Λ = Hλ. For comparison, we have represented by a dotted line the n k of the quartic dispersive field (in which case δ k = 0 identically). Surprisingly, the state is nonseparable, δ k < 1, for all values of λ. Moreover, δ k decreases when dissipation increases.
in the fact that λ also sets the scale where conformal invariance is broken. Let us now turn to the effects of the environment temperature T ψ . Figure 2 shows contour plots of n k and δ k for a massless field with Eq. (39), again for g = g crit . In the limit λ → ∞, we observe that n k → 0 irrespectively of the value of T ψ . This establishes that there is a robustness of the relativistic result in the limit λ → ∞ which generalizes that found for dispersive fields, see e.g., Ref. [14] . Moreover, in the high-temperature limit, Eqs. (35) can be evaluated analytically to give
where erfi is the imaginary error function. We compared the corresponding contours with the numerical ones shown in Fig. 2 and found that they are practically indistinguishable for ϑ > 10.
When considering the effects of T ψ , we observe two regimes. At low temperature (ϑ 1), n k and δ k only depend on λ and are basically given by the zero temperature limit shown in Fig. 1 . However, at large temperature (ϑ 1), they depend on λ and ϑ according to Eqs. (40) . As expected, the strongest signatures of quantum entanglement, δ k 1, are found in the region where the breaking of conformal invariance is large (and hence pair-creation is active) and when the environment temperature is small, so that the spontaneous pair-creation events are not negligible with respect to thermally induced events. On the other hand, when the temperature is large, the final state is separable since δ k 1. In Fig. 2 (right panel) we see that the threshold case δ k = 1 is approximatively given by ϑ ∼ λ −1/2 for λ 1. The hatched region for λ 10 represents the numerical uncertainty in the region where n k is much smaller than 1.
Massive fields
We note that the massless case µ 2 = 0 is an isolated point in the mass spectrum: a well-defined notion of outquanta requires either µ 2 = 0 or µ 2 > 1/4. In the latter case, the asymptotic out-modes with positive frequency (see, e.g., Appendix B of Ref. [14] ) are given by
whereμ . = µ 2 − 1 / 4 and J denotes the Bessel function of the first kind. Figure 3 shows the contour plots of n k and δ k for a massive field with µ 2 = 5/4 and g = g crit , in the same parameter space (λ, ϑ) as in Fig. 2 . The case of a Lorentzinvariant field in the Bunch-Davies state is recovered in the limit λ → ∞, ϑ → 0. Now conformal invariance is already broken by the mass term and therefore n k remains nonzero in this limit.
At zero temperature, the strongest entanglement (lowest δ k ) is found at large values of λ, i.e., weak dissipation. This was expected, since dissipation reduces the strength of correlations. However, as in the massless case, the threshold of separability δ k = 1 is not crossed.
When increasing the environment temperature T ψ , we see that the strength of correlation is reduced, and separable states are found. The nonseparability criterion δ k < 1 is therefore only met either when T ψ is smaller than the Gibbons-Hawking temperature T GH = H/2π, or when the coupling to the environment is sufficiently weak. Notice also that the behavior at high temperature can again be obtained analytically, the integrals over the Bessel functions becoming hypergeometric functions.
Role of g in the underdamped regime
It is also interesting to consider the role of the coupling g, see Eq. (39). As g 2 approaches zero, the dissipative scale 2Λ/g 2 is moved deeper into the UV with respect to the dispersive scale which is fixed by Λ. In the limit g 2 → 0, the field becomes purely dispersive and n k , δ k can be computed analytically [14] in the Bunch-Davies vacuum. For g 2 < 2 the mode is underdamped. In this case, the Contour plots of ln n k and ln δ k for a massless field with critical coupling g = gcrit in the parameter space (λ = Λ/H, ϑ = T ψ /H) . At low temperatures, for ϑ = T ψ /H 1/10, n k and δ k barely depend on ϑ. On the contrary, for high temperatures, ϑ 1, n k scales as n k ∝ ϑλ −1/2 whereas δ k scales as δ k ∝ ϑλ −1/2 for λ 1, and δ k ∝ ϑλ 1/2 for λ 1. The hatched region indicates the numerical uncertainty about the threshold value δ k = 1 found when n k 1. solutions to Eq. (34) which correspond to asymptotic outmodes of positive frequency are given by, see Appendix B of Ref. [14] ,
whereλ . = λ/ 4 − g 4 and M is a Whittaker function defined in Ref. [37] . Figure 4 shows contour plots of δn k /n
k is the number of particles without dispersion and dissipation) and δ k for a massive field in the underdamped regime. Here, we set T ψ = 0, and plot the results in the parameter space spanned by the two (dimensionless) ultraviolet scales: λ which characterizes dispersion, and 2λ/g 2 which is the UV scale of dissipation. The latter is larger than the former in the underdamped regime. The grey areas therefore correspond to the overdamped regime which we did not study.
In the weak dispersive/dissipative regime λ 10, it is evident that δn k and δ k are both dominated by dissipative effects. For the latter, this is because dispersion The environment is in its ground state (ϑ = 0) and the two axes are the dispersive scale λ and the dissipative one 2λ/g 2 ≥ λ.
alone does not lead to decoherence. For the deviation δn k , this follows from the fact that dispersion gives an exponentially small correction to the pair creation process (see Ref. [14] ), while the corrections due to dissipation are only algebraically small. As a result, the hierarchy of scales does not directly fix the importance of the respective effects. On the other hand, when dispersion is strong (λ 1) the pair creation process is basically governed by dispersive effects. The correction to the particle number due to dissipation is very small (compared to the dispersive correction). One can also observe that the degree of twomode entanglement is then basically governed by the separation between the two scales g 2 , i.e., δ k is determined by the strength of dissipation at the dispersive threshold, (Γ/P ) | P =Λ .
IV. STATIONARY PICTURE
In the absence of dispersion/dissipation, it is well known that the Bunch-Davies vacuum is a thermal (KMS) state at the Gibbons-Hawking temperature T GH = H/2π [1] . It is also known that this is the temperature seen by any inertial particle detector, and that this is closely related to the Unruh effect found in Minkowski space, and to the Hawking radiation emitted by black holes [38] . In the presence of dissipation, while the stationarity of the state of φ is exactly preserved when the state of the environment is invariant under the affine group, the thermality of the state is not exactly preserved. This loss of thermality, which generalizes what was found for dispersive fields [15] , questions the status of black hole thermodynamics when Lorentz invariance is violated [39] [40] [41] .
A. Loss of thermality
To probe the stationary properties of the state, we consider the transition rates of particle detectors at rest with respect to the orbits of K t . This means that the detector is located at fixed H|X| < 1 in the coordinates of Eq. (18) . In this case, the two-point functions only depend on t−t and can be analyzed at fixed ω = i∂ t | X , see Eq. (19b). (The above restriction on X simply expresses that the trajectory be timelike.)
The transition rates are, up to an overall constant, given by Fourier transforms of the Wightman function G W [38] . The rates then determine n ω (X), the mean number of particles of frequency ω > 0 seen by a detector located at X, through
To study the deviations with respect to the GibbonsHawking temperature T GH = H/2π, we introduce the temperature function T ω (X) defined by
It gives the effective temperature seen by the detector, and reduces to the standard notion when it is independent of ω. In the absence of dispersion and dissipation, T ω (X) = T GH for all values of ω, which means that the Tolman law is satisfied [15] . In the following numerical computations, for simplicity, we work at X = 0 with an inertial detector, with g = g crit , m = 0, and T Ψ = 0. Since the calculation of the commutator of φ is much faster and more reliable than that of the anticommutator, instead of using Eq. (43), n ω shall be computed with
The denominator is expressed using Eq. (13). The numerator is obtained from Eqs. (69) and (38) with T ψ → 0. In addition, the principal value is replaced by a prescription for the contour of ln P/P = Ht to be in the upper complex plane. In this we recover the fact that when the anticommutator in the vacuum is P.V.(1/t), the corresponding vacuum Wightman function is 1/(t − i ).
In Fig. 5 , we plot the ratio T ω /T GH as a function of ω for various values of λ, and for T ψ = 0. We first observe that T ω is constant for all frequencies from zero to a few multiples of T GH . Hence, the Planckian character of the state is, to a high accuracy, preserved by dissipation, as was found in the presence of dispersion [15, 42, 43] . For higher frequencies, i.e., ω/T GH > 4, we were not able to study T ω with sufficient accuracy because of the numerical noise associated to n ω < 0.01. As in the dispersive case, we expect that the temperature function T ω is modified for ω Λ.
Secondly, when λ is smaller than 5, i.e., when dissipation is strong, we observe that the temperature is significantly (more than 5%) larger than T GH . These deviations are further studied in Fig. 6 , where we plot the deviations of T 0 , the low-frequency effective temperature, with respect to T GH as a function of λ. We observe that the deviation due to dissipation asymptotically follows
This law has been verified up to λ = 10 3 . It has to be compared with the deviation due to quartic dispersion studied in Ref. [15] . This deviation is represented by the dotted curve, and scales as T disp 0
In other words, the deviation due to (quadratic) dissipation decreases much slower than that due to (quartic) superluminal dispersion. The important lesson for black hole thermodynamical laws is that ultraviolet dispersion and dissipation both destroy the thermality of the state. This lends support to the claim that Lorentz invariance is somehow necessary for these laws to be satisfied.
B. Asymptotic correlations among right movers
As explained in Sec. III A, at late time, the φ field decouples from its environment. This allows to use the relativistic out basis at fixed k to read out the state of φ. Alternatively, one can also use an out basis formed with stationary modes with fixed frequency ω. Indeed, at fixed ω, the momentum P ω ∼ |ω/X| → 0 at large |X|, and dispersive effects are negligible. Henceφ ω (X), the stationary component of the field operator, decouples from the environment at large |X|, and can be analyzed using relativistic modes. As we shall see, this new out basis is not trivially related to the homogeneous one used in Sec. III because it encodes thermal effects at the Gibbons-Hawking temperature. Hence the covariance matrix of the new out operators will depend on n k and c k of Eq. (35) , but also on these thermal effects. At this point we need to explain why we are interested in expressing in a different basis a state which is fully characterized by n k and c k . The main reason comes from black hole physics. As shall be discussed in the next section, when certain conditions are met, the results of this section apply to the Hawking radiation emitted by dissipative fields.
To compute the covariance matrix in the new basis, we recall some properties of the relativistic massless field in de Sitter. First, because of conformal invariance, the field operator splits into two sectors which do not mix, one for the right-moving U modes with k > 0, and the other for the left-moving V modes with k < 0. In addition, in de Sitter, the time-dependence of all homogeneous modes can be expressed through ϕ(P ) of Eq. (27) , which here reduces to
where P > 0. This mode has a unit positive KleinGordon norm, as can be verified using the Wronskian condition of Eq. (28).
We introduce an intermediate basis constructed with the stationary "Unruh" modes ϕ ω [44] . In the P representation, they can be written as [45] 
They form an orthonormal and complete mode basis if ω ∈] − ∞, ∞[. The spatial behavior of the U modes is given by
We now introduce the alternative out basis formed of stationary modes which are localized on either side of the horizons, henceforth called R and L modes. They behave as Rindler modes in Minkowski space. For Umodes, the horizon is located at HX = −1, and these modes are
where ω > 0. The first has a positive norm, while the second has a negative one. They are easily related to the Unruh mode by computing Eq. (49). Indeed, for ω > 0, one gets
where coefficients α −πω/H . Asymptotically in the future and in space, the U part of the field operator can thus be expressed aŝ
The V part possesses a similar decomposition, and the V modes are obtained from the U ones by replacing X → −X, and R → L. The χ V modes are thus defined on either side of HX = 1.
Using the above equations, the Unruh and the Rindlerlike operators of frequency |ω| are related by
We considered both U and V modes because our aim is to compute the covariance matrix of the R and L operators in terms of n k and c k of Eq. (35), where c k mixes U and V modes. To do so, we first compute the covariance matrix of the Unruh operators. When working with states that are invariant under the affine group, n k and c k of Eq. (35) are independent of k. This implies that the covariance matrix of the Unruh operators is independent of ω. Indeed, usinĝ
which follows from the Fourier transforms Eqs. (52a) and (52b), one verifies that the independence of k implies that of ω. As a result, introducing
, the covariance matrix of Unruh operators reads
where n k and c k are given in Eq. (23) .
Using the matrix B ω of Eq. (53), and dropping the trivial factor of δ(ω − ω ), the covariance matrix of R and L operators is
where In the infalling vacuum, for T ψ = 0, the nonseparability found for the massless relativistic case is preserved as long as Λ/H = λ 1/5. When the environment is characterized by a temperature T ψ = 0, the entanglement is preserved as long as T ψ √ HΛ/2, as explained in the text.
The first two coefficients concern separately either the U , or the V -modes. They fix the spectrum and the strength of the correlations. The last two concern the U −V mode mixing, and are proportional to c k . Considering the coherence amongst pairs of U -quanta, i.e., ignoring the V -modes, as in Eq. (25), we define
Using Eq. (57), we obtain
We see that δ U does not depend on c k . This is to be expected since c k characterizes the correlation between modes of opposite momenta, and since there is no U − V mode mixing for two-dimensional massless fields. More importantly, Eq. (59) is valid irrespectively of the temperature of the environment T ψ . We can thus study how the separability of U -quanta is affected by T ψ . The criterion of nonseparability, δ ω U < 1, gives
where n k (T ψ ) is plotted in Fig. 2 . Using this Figure, in Fig. 7 we study ln δ U ω with ω = H as a function of λ and ϑ = T ψ /H. At zero temperature T ψ = 0, we see that the pair of U -quanta with ω = H is nonseparable for λ 0.2, i.e., for a rather strong dissipation since Λ = H/5. Using Eq. (60) we see that this is also true for all quanta with ω/H 1. More surprisingly, when λ is high enough, this pair is nonseparable even when T ψ > T GH , i.e., when the environment possesses a temperature higher than the Gibbons-Hawking temperature. Indeed, whenever T ψ √ HΛ/2, the pair is nonseparable, as all pairs with smaller frequency ω.
In other words the quantum entanglement of the lowfrequency U pairs of quanta is extremely robust when working with dissipative fields which are relativistic in the infrared. The robustness essentially follows from the kinematical character of the transformation of Eq. (53) which relates two relativistic mode bases. It is also due to the fact that n k , the number of U −V pairs created by the cosmological expansion, remains negligible in Eq. (57) as long as 1 Λ/H, and T ψ T GH (Λ/H) 1/2 .
V. BLACK HOLE RADIATION
We now explain when and why the above results apply to the Hawking radiation emitted by dissipative fields. We shall be more qualitative than in the former sections because several approximations are involved in the correspondence between de Sitter and the black hole case. Our main aim is to establish that the spectrum of Hawking radiation, and the associated long distance correlations across the horizon, are both robust when dissipation occurs at sufficiently high energy with respect to the surface gravity, as was anticipated in Refs. [20, 22] .
The robustness shall be established by studying the anticommutator of Eq. (A3b), and showing that its asymptotic behavior is governed by Eqs. (57a) and (57b).
Firstly, being covariant, the action of Eq. (2) applies as such to any black hole metric endowed with a preferred frame described by a timelike field u.
3 Secondly, the correspondence with de Sitter becomes more precise when working with stationary settings. At the level of the background, this means that there is a Killing field K t , and that u commutes with K t . In this case, the metric can be written as
As in Eq. (18), t, X are defined by dt = u ff µ dx µ , and ∂ X = s µ ff ∂ µ , where u ff is a stationary and freely falling unit timelike field. In the present case, it is no longer unique because the system is no longer translation invariant. It belongs to a one parameter family, where the parameter can be taken to be the value of v at spatial infinity [48] . When the preferred field u is freely falling (as we shall assume for simplicity), this residual invariance is lifted by working with u ff = u. By stationary settings, we also meant that the state of the environment is stationary. This implies that the noise kernel of Eq. (16) only depends on t − t when evaluated at X, X , along the orbits of the Killing field K t . When these stationary conditions are met, the (driven part of the) anticommutator of φ is (exactly) given by Eq. (A3b), where the two kernels G ω ret and N ω are now defined in the black hole metric of Eq. (61) .
As a result, to compare the expressions of G ω ac (X, X ) evaluated in de Sitter and in Eq. (61), it is sufficient to study G ω ret and N ω . To establish the correspondence with controlled approximations, the following four conditions are necessary:
• the state of ψ should be the same
• the black hole surface gravity κ = H
• the near horizon region should be large enough
• the dispersive and dissipative scales should both be much larger than κ.
The first condition is rather obvious and needs no justification. The second and the third conditions concern the metric and the field u. To characterize the near horizon region (NHR) explicitly, we shall use
which possesses a future (black hole) Killing horizon at X = 0. The NHR is defined by the region |κX| D/2 where v is approximately linear. Hence it is a portion of de Sitter space with H = κ, see Eq. (18) . It should be emphasized that the mapping also applies to the u field. In fact, when u is freely falling, the only scalar quantity which is involved in the mapping is its expansion evaluated at the horizon:
Hence, in the NHR, the orbits of u coincide with those found in de Sitter. (When u is accelerating, both Θ 0 and the acceleration γ 0 must match, see Eq. (A10) and footnote 4 in Ref. [15] .) Using Eq. (62), the third condition means that D cannot be too small. This condition was found in Ref. [42] when considering the spectral deviations of Hawking radiation which are due to highfrequency dispersion, see also Refs. [43, 49, 50] . For quartic dispersion, these deviations are small when D 3/2 κ/Λ. In this case, the nontrivial dispersive effects all occur deep inside the NHR, i.e., in a portion of de Sitter space. Moreover, at fixed κ/Λ, the spectral deviations increase when D decreases. We shall see below that these facts also apply to dissipative fields when the above four conditions are met. 
The stationary kernel of the last line is the Fourier transform of the anticommutator of ψ, see Eq. (36) . To compute it we use the fact that the factor a(τ, z) of Eq. (6) is now given by (see Eq. (55) in Ref. [22] for a three-dimensional radial flow) a(X, t) = v(X)/v(z(X, t)) .
(64)
As in Eq. (6), z labels the orbits of u. It is here completely fixed by the condition that z = X when t = 0. Since the orbits are solutions of dX/dt = v, z is implicitly given by
Using the above equations to re-express the δ(z − z ) of Eq. (36), one finds
Its Fourier component with respect to ∆t is trivially
where ∆t 12 =
X1 X2
dX/v is the lapse of time from X 2 to X 1 following an orbit z = cst. which connects these two points. Since the settings are stationary, these orbits are all the same, as can be seen in Fig. 9 .
Using Eq. (63), the noise kernel is explicitly given by
This kernel is local in that it only depends on g µν and u µ between X 1 and X 2 . Hence, when evaluated in the black hole NHR, it agrees, as an identity, with the corresponding expression evaluated in de Sitter.
In conclusion, we notice that this identity follows from our choice of the action of Eq. (2). Had we used a more complicated environment, this identity would have been replaced by an approximative correspondence. In that case, the correspondence would have still been accurate if the propagation of ψ had been adiabatic. As usual, this condition is satisfied when the degrees of freedom of ψ are "heavy", i.e., when their frequency Ω q ∼ Λ κ.
B. The stationary G ω ret
The stationary function G ω ret (X, X 1 ) obeys Eq. (12), which is a fourth order equation in ∂ X when working with Eq. (39) . Depending on the position of X and X 1 , its behavior should be analyzed using different techniques. Far away from the horizon, the propagation is well described by WKB techniques since the gradient of v is small. Close to the horizon instead, the WKB approximation fails, as in dispersive theories [49] . In this region, the P representation accurately describes the field propagation, and is essentially the same as that taking place in de Sitter. Therefore, the calculation of G ω ac (X, X ) of Eq. (A3b) at large distances boils down to connecting the de Sitter-like outcome at high P to the low-momentum WKB modes. As in the case of dispersive fields, the connection entails an inverse Fourier transform from P to X space in the intermediate region II, see Fig. 9 , where both descriptions are valid [20, 49, [51] [52] [53] . In the present case, these steps are performed at the level of the two-point function rather than being applied to stationary modes. In fact, we shall compute
where the two G ω ret are expressed in a mixed X, P representation. The early configurations in interaction with the environment are described in P space, while the large distance behavior is expressed in X space.
Let us give here only the essential points, more details are given in Appendix C. The validity of the whole procedure relies on a combination of the third and the fourth condition given above, namely max(1, D −2 ) Λ/κ, and is limited to moderate frequencies, i.e., 0 < ω ∼ κ Λ. For simplicity, we consider massless fields. Then Λ/κ 1 guarantees that the infalling V modes essentially decouple from the outgoing U modes because the only source of U − V mixing comes from the ultraviolet sector. Hence, at leading order in κ/Λ, it is legitimate to consider only the U modes. For massive fields with m Λ, the discussion is more elaborate but the main conclusion is the same: the properties of the Hawking radiation are robust.
For massless fields, at fixed ω, the propagation of the U modes is governed by the effective dispersion relation, see Eq. (34),
As long as P Λ, the U sector of G ω ret behaves as for a relativistic field, since
Instead, when P Λ, the dispersive and dissipative terms weighted by f and Γ cannot be neglected in Eq. (12) . To characterize the transition from these two regimes, we consider the optical depth of Eq. (32) . When working at fixed ω, one finds
where X ω (P ) is the root of Eq. (70), as is P ω (X) when using X as the variable. The first expression governs G ret in the NHR where ∂ X v ∼ κ is almost constant, see Eq. (31). To leading order in Γ/P 1, which is satisfied everywhere but very close to the horizon, the second expression governs G ret in X space. Since v ω gr = 1/∂ ω P is the group velocity in the rest frame, I ω = t t1 dt Γ(P ω ), where the integral is evaluated along the classical outgoing trajectory. It should be noticed that, when considered in X space, I ω applies on the right and the left of the horizon. In the R region, v gr > 0, while it is negative in L, so that in both cases I ω > 0 when P 1 > P > 0, i.e., when P 1 is in the past of P .
To characterize the retarded Green functions of Eq. (69), we compute I ω in the mixed representation, in the limit where P 1 is large enough so that X ω (P 1 ) is deep inside the NHR, while X is far away from that region. For simplicity, we consider the case of Eq. (39) with g = g crit . In this case, only the dissipative effects are significant, 4 and one finds
where v R (v L ) is the asymptotic velocity on the right (left) side. From the second term, we learn that |κX| should be much smaller than Λ/κ for the Hawking quanta not to be dissipated. Since we work in the regime Λ/κ 1, this condition is easily satisfied. We notice that a similar type of weak damping effect of outgoing modes has been observed in experiments [54] . From the first term, we learn that I ω gives an upper bound to the domain of P which significantly contributes to Eq. (69), namely P 2 Λκ, as in de Sitter. A lower bound of this domain is provided by the γ factors of Eq. (38) . Using this equation and Eq. (A8), the integrand of Eq. (69) scales as
and its behavior is represented in Fig. 8 . Hence, the relevant domain of P , i.e., when T is larger than 10% of its maximum value, scales as 0.36
4 In the case where g 2 1, dispersive effects are important and may limit the role of dissipation in the NHR. In that case, the decaying part of the field will contribute to Eq. (14) . This situation corresponds to what is found in the surface wave experiments [54, 55] . The left dash-dotted line corresponds to the limit of the NHR: κX = D/2, here reexpressed as P = 2κ/D. For lower P , in region I, the de Sitter-like P representation fails. The right vertical line indicates the upper limit of the X-WKB approximation, see Appendix C. For the adopted values, the region II where the P and the X descriptions are both valid has a finite size. We also see that T vanishes in region I.
Considered in space-time, since P ∼ e −κt , this limits the lapse of time during which the coupling to ψ occurs. Interestingly, this lapse is given by κ∆t ≈ 2, i.e., two e-folds, irrespective of the value of Λ/κ, and that of ω. It should be also stressed that nothing precise can be said about the domain of X, which significantly contributes because the X-WKB fails when P is so large. One can simply say that it is roughly characterized by the interval [−X trans , X trans ], where X trans = X ω=κ (P min ) is given by
This value defines the central region III, see Fig. 8 and Fig. 9 . Using the profile of Eq. (62), X trans is situated deep inside the NHR when κ/ω diss max 1, where the critical frequency ω diss max is given by
Hence, when κ/ω diss max 1, the coupling between φ and ψ is accurately described in the P representation, and takes place in a portion of de Sitter. In addition, the connection between the high-and low-momentum propagation can be safely done in the intermediate region II, defined by κ|X trans | κ|X| D, see Fig. 9 , where, on the one hand, one is still in a de Sitter-like space since v is still linear in X, and, on the other hand, the lowmomentum modes can be already well approximated by their WKB expressions. Notice finally that this reasoning only applies for frequencies ω ω These steps are sufficient to establish that the results of Sec. IV B apply for ω ω diss max . In particular, Eq. (57a) implies that the spectrum of radiation is robust (when the temperature of the environment is low enough, see Fig. 7 ). Namely, to leading order in κ/Λ, the mean occupation number n ω of quanta received far away is given by the Planck distribution at the standard relativistic temperature T H = κ/2π. As in dispersive settings, the real difficulty is to evaluate the spectral deviations. In this respect, we conjecture that the leading deviations due to dissipation will be suppressed by powers of κ/ω diss max . That is, they will be governed by the composite ultraviolet scale of Eq. (76) which depends on the high-energy physics, here with Γ quadratic in P , and on the extension D of the black hole NHR. This second dependence is highly relevant when D 1. Together with the robustness of the spectrum, one also has that of the long-distance correlations across the horizon between the Hawking quanta and their partners. These correlations are fixed by the coefficient c ω of Eq. (57b). To get the space-time properties of the pattern, one should integrate over ω, i.e., perform the inverse Fourier transform of Eq. (19b), because it is this integral that introduces the space-time coherence [20, 45, 56] . In Fig. 9 , we have schematically represented the anticommutator G ac (t − t 1 , X, X 1 ) in the t − t 1 , X plane when X 1 is taken far away from the horizon.
• Far away from the NHR, in regions I R and I L , for D |κX|, the characteristics of the field follow null geodesics, see Eq. (C10). Since v ∼ cst., they no longer separate from each other. Hence, at large distances, the space-time pattern obtained by fixing one point [56] , and the equal time correlation pattern [57] , will be the same as those predicted by a relativistic treatment.
• In the two intermediate regions II R and II L , for X trans |κX| D, the characteristics separate from each other following δX ∼ e κt since their behavior is already close to the relativistic one. This pattern is obtained by considering two-point functions with one point fixed, or wavepackets [20] . It is interesting to notice that it cannot be obtained by considering equal time correlations, since these develop only outside the NHR, for |κX| D [45] . Indeed as long as X and X are in the NHR, the (approximate) de Sitter invariance under K z , see Appendix A, implies that dωG ω ac only depends on X − X . (dotted) in the t, X coordinates of Eq. (61) . As explained in the text, the nearby geodesics schematically indicate the spacetime region where Gac(t, X, t1, X1) is nonvanishing, when κt1 = 2.5, and κX1 = 1.5, see Fig. 1 of Ref. [45] for the relativistic case. The two thick solid lines represent the region where the noise kernel contributes to Gac, see Eq. (A3b) and Eq. (69). In the central region III, the propagation is well described in P space, and resembles to that found in de Sitter.
• The central region III is the region where the configurations of the φ field are driven by the noise kernel. In Fig. 9 the two thick solid lines indicate the space-time locus where the interactions involving the configurations selected by t 1 , X 1 are taking place. 6 In this central region III, the propagation is well described in P space, and corresponds to that found in de Sitter, see Eq. (C14) and Eq. (C15).
In brief, when κ/ω diss max 1 and ω/ω diss max 1, the nontrivial propagation only occurs deep inside the NHR which is a portion of de Sitter space. This implies that n ω and c ω are, to a good approximation, given by their de Sitter expressions of Eq. (57) . Given that these (exact)
Hawking effect only develops, or separates, from its de Sitter roots for |κX| D, and furthermore, this separation is adiabatic. 6 To get Fig. 9 , we have filtered out low frequencies. This amounts to considering a wavepacket rather than the two-point function, see Eqs. (38, 39) in Ref. [45] . Had we considered Gac, the thick lines would have extended back in time, because the coupling between ψ andφω is centered around κtω = ln ω + cst., which fixes the blueshift for Pω ∝ ω to reach √ κΛ, see Eq. (74).
expressions hardly differ from the relativistic ones when κ/Λ 1, we can predict that, when computed in a black hole metric, these two observables are robust whenever the finiteness of the NHR introduces small deviations with respect to the de Sitter case. For ω/ω diss max 1, this is guaranteed by κ/ω diss max
1.
VI. CONCLUSIONS
In this paper we used (a two-dimensional reduction of) the dissipative model of Ref. [22] to compute the spectral properties and the correlations of pairs produced in an expanding de Sitter space. The terms encoding dissipation in Eq. (2) break the (local) Lorentz invariance in the ultraviolet sector. Yet, they are introduced in a covariant manner by using a unit timelike vector field u which specifies the preferred frame. In addition, the unitarity of the theory is preserved by coupling the radiation field φ to an environmental field ψ composed of a dense set of degrees of freedom taken, for simplicity, at rest with respect to the u field. Again for simplicity, the action is quadratic in φ, ψ, and the spectral density of ψ modes is such that the (exact) retarded Green function of φ obeys a local differential equation, see Eq. (10) and Eq. (12) .
By exploiting the homogeneous character of the settings, we expressed the final occupation number n k , and the pair-correlation amplitude c k , in terms of the noise kernel N and the retarded Green function, see Eq. (35) . Rather than working with integrals over time as usually done, we used the proper momentum P = k/a(t) to parametrize the evolution of field configurations. Hence, Eq. (35) can be viewed as flow equations in physical momentum space. This possibility is specific to the residual symmetry group found in de Sitter space when the u field commutes with the two Killing fields K t and K z . These group theoretical aspects are explained in Appendix A. The key equations are Eq. (A6) and Eq. (A8) which show how the P representation is related to the invariant distances, to the homogeneous representation of Eq. (20), and to the stationary one. This representation is extended to Feynman rules and Schwinger-Dyson equations of (relativistic) interacting field theories in Ref. [58] .
We numerically computed n k and c k in Sec. III. When considering a massless field, n k and the strength of the correlations are plotted as functions of the scale separation Λ/H, and the temperature of the environment T ψ /H, in Fig. 2 . The robustness of the relativistic results is established in the limit of a large ratio Λ/H. The key result concerns the threshold values of the parameters, see the locus δ k = 1 on the right panel, for which the final state remains nonseparable, i.e., so entangled that it cannot be described by a stochastic ensemble. Various criteria of nonclassicality are compared in Appendix B. This analysis was then extended to massive fields, see Fig. 3 , and to the consequences of varying the relative importance of dissipative and dispersive effects, see Fig. 4 . As expected, the quantum coherence is lost at high cou-pling, and when the temperature of the environment is high enough.
In Sec. IV we exploited the stationarity, and we studied how the thermal distribution characterizing the GibbonsHawking effect is affected by dissipation. As in the case of dispersion [15] , we found that the thermal character is, to leading order, robust. We also computed the deviations of the effective temperature with respect to the standard one T GH = H/2π, see Fig. 5 and Fig. 6 . In preparation for the analysis of the Hawking effect, we studied the strength of the asymptotic correlations across the Killing horizon between (right) moving quanta with opposite frequency. Quite remarkably, we found that the pairs remain entangled (the two-mode state remains nonseparable) even for an environment temperature exceeding T GH = H/2π, see Fig 7. Finally, in Sec. V we extended our analysis to black hole metrics. When four conditions are met, we showed that the above analysis performed in de Sitter applies to Hawking radiation. The inequality which ensures the validity of this correspondence is κ/ω diss max 1, where ω diss max is the composite ultraviolet scale of Eq. (76). It depends on both the microscopic scale Λ, and D, which fixes the extension of the black hole near horizon region where the metric and the field u can be mapped into de Sitter. The validity of the correspondence in turn guarantees that, to leading order, the Hawking predictions are robust -even if the early propagation completely differs from the relativistic one, see Fig. 9 . This establishes that when leaving the very high momentum P ∼ Λ (trans-Planckian) region and starting to propagate freely, the outgoing configurations are "born" in their Unruh vacuum state [38, 59, 60] . The microscopic implementation of this state in dissipative theories is shown in Eq. (C16). As a result, as in the case of dispersive theories [42, 49] , the leading deviations with respect to the relativistic expressions should be suppressed as powers of κ/ω diss max , i.e., they should be governed by the extension of the black hole NHR which is a portion of de Sitter space.
In conclusion, even though our results have been derived in 1 + 1 dimensions, we believe that very similar results hold in four dimensions, at least for homogeneous cosmological metrics and for spherically symmetric ones, because a change of the dimensionality only affects the low-momentum mode propagation. Hence even if this introduces nontrivial modifications, as grey body factors in black hole metrics, they will not interfere with the high-momentum dissipative effects when the hierarchy of scales Λ/H, Λ/κ 1 is found. They can thus be computed separately.
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The distances ∆ 1 , ∆ 2 can also be defined in a coordinate invariant manner. The interested reader will find the expressions at the end of this Appendix. When working with states that are invariant under the affine group, the n-point correlation functions only depend on ∆ 1 and ∆ 2 evaluated between the various pairs of points. Hence, any two-point functions G any (x, x ) can be written asG any (∆ 1 (x, x ), ∆ 2 (x, x )). However, it turns out that it is not convenient to use ∆ 1 , ∆ 2 to compute Eq. (15) , and this even though the four integrals of that equation can be easily expressed in terms of two over ∆ 1 and two over ∆ 2 . The reason is that the integrals over the ∆ 2 are convolutions. Hence, it is appropriate to work with the Fourier transform with respect to ∆ 2 because, in this representation, Eq. (15) contains only two integrals.
The fact that only two variables are needed is not a surprise, given the homogeneity (stationarity) of the setting. Indeed using
To understand the relationship between these two representations, it turns out that the most convenient variables are the proper momenta P = |s µ ff p µ | and P = |s µ ff p µ |. The reasons for this are many. Firstly, P is invariantly defined; secondly, ∆ 1 is easily expressed in P, P space; thirdly, so is the variable conjugated to ∆ 2 ; and fourthly, P can be attributed to the field itself, so that one can easily take the even (anticommutator) and the odd part of the two-point functions. Let us explain these reasons.
Once the de Sitter group is broken in a way which preserves the affine group, P is invariantly defined as the momentum associated with the orthogonal fields u ff , s ff which commute with K t and K z , and where u ff is geodesic. In our case, we work with the preferred field u = u ff , but this needs not be the case for P to be unambiguously defined as
In addition, the momentum conjugated to ∆ 2 , defined bȳ P . = ∂ ∆2|∆1 , is given by the geometrical mean
The first equality follows from ∆ 2 √ ∆ 1 = X +f (t, t , X ), and P . = ∂ X|t,t ,X . The second one follows from Eq. (A4). Hence, the Fourier transform ofG any (∆ 1 , ∆ 2 ) with respect to ∆ 2 ,
only depends on P and P . Moreover, if one imposes the isotropy of the setting,G any (∆ 1 , ∆ 2 ) is even in ∆ 2 , and G any (−P, −P ) = G any (P, P ). Hence, in this case, all the information is contained in G any (P, P ). The important point is that G any (P, P ) defined by Eq. (A6) coincides with the lhs of Eq. (20) . In addition, starting with the stationary representation of Eq. (19b), one can also verify that the double Fourier transform
has automatically the following structure 
WKB analysis
At fixed ω, using Eq. (10), diss φ dec = 0 implies that the decaying mode φ
The mode φ ω dec decays when displacing X along the direction of the group velocity. Hence, on the right of the horizon, the outgoing U -mode decays when X increases, while it decreases for decreasing X < 0 in the left region, see Fig 9. Hence, U -modes spatially decay on both sides when leaving the horizon.
As in the case of dispersive fields, we look for solutions of Eq. (C1) of the form
where Q ω (X) is expanded in powers of the gradient of v(X). To first order, Eq. (C1) gives
where the functions Γ > 0 of Eq. (11) and F are evaluated for P = Q ω . The leading order solution, the complex momentum
, contains no gradient, and obeys the complex Hamilton-Jacobi equation
.
=F (P ) . (C4)
As expected, this equation gives Eq. (1) since Ω = ω−vP . To first order in the gradient, we get a total derivative
Combining Eq. (C4) and Eq. (C5), we obtain the decaying WKB-mode
To get this expression, we introduced v C gr = 1/∂ ω P C ω which can be conceived as a complex group velocity. We also decomposed P C ω into its real part P ω , and its imaginary part P I ω . The oscillating exponential is the standard expression, while the decaying one is dXP I ω . The latter is equal to I ω of Eq. (71) when working to first order in Γ/P , which is here a legitimate approximation. A preliminary analysis, similar to Eq. (A12) of Ref. [49] , indicates that the corrections to Eq. (C6) are bounded by O( which follows from the imaginary character of G c in t, X space. We used the sign of I ω in Eq. (C7) so that a similar expression is valid on the left of the horizon. Note also that Eq. (C7) cannot be used to estimate G ω c across the horizon because the WKB approximation fails in region III. Note finally that Eq. (C7) is valid only for Λ |X − X | 1. Having characterized in quantitative terms the impact of dissipation, we now work in conditions such that the mode damping is negligible far away from this central region. That is, we work with X, X obeying
where the upper limit comes from the neglect of the second term in Eq. (72). Under these conditions, the anticommutator of Eq. (A3b) is, for ω > 0, given by
where n ω and c ω are constant because we are far from region III, and where the R and L out modes live on one side of the horizon and have unit norm. Being undamped, they are either relativistic, or, more generally, dispersive WKB modes. In the former case, they thus behave in the regions of interest, namely I R/L and II R/L , as
where v R(L) is the asymptotic velocity in the region R (L, where 1 + v L < 0). As in de Sitter, the (positive unit norm) mode ϕ −ω L living in the L region has a negative Killing frequency.
In Eq. (C9), n ω and c ω are unambiguously defined because the R/L modes are normalized in regions I R/L . Thus, they respectively define the spectrum emitted by the black hole, and the ω-contribution of the correlation across the horizon. To compute them, we should find the equivalent of Eq. (35) . To this end, we shall use Eq. (69), and exploit the fact that their values are fixed in the domain of P given in Eq. (74).
Connection with de Sitter physics
In Eq. (69), we need (the U -mode contribution of) G ω ret (X, P 1 ) with |X| X trans , since we are interested in the far away behavior of G ω ac , and with P 1 √ κΛ, because the integrand vanishes for lower values of P . Since P ω (X) P 1 , the retarded character of Eq. (31) is automatically implemented, which means that G ω ret (X, P 1 ) = (−i) G ω c (X, P 1 ) .
The commutator G ω c (X, P 1 ), on the one hand, obeys Eq. (C1) in X, and on the other hand, behaves as in de Sitter for P 1 √ κΛ, when ω 
where I P 0 is given in Eq. (32), and where we replaced its lower value P ω (X) √ κΛ by 0 because X is taken sufficiently large. Using Eq. 
In this we recover that the commutator possesses the same expression if one uses the in (Unruh) or the out mode basis. Equation (C13) applies as such to the black hole metric in the regions II R/L , κX trans |κX| < D/2, because G c, BH obeys the same equations, and its normalization is fixed by the equal time commutators. In fact, in these regions the normalized black hole modes ϕ These expressions are identical to those evaluated in de Sitter. Hence, n ω and c ω are respectively given by Eqs. (57a) and (57b). Therefore, to leading order in κ/Λ, and for an environment at zero temperature, n ω and c ω retain their standard relativistic expressions. This means that the state of the outgoing modes when they leave the central region III, and propagate freely, is the Unruh vacuum [38, 59, 60] . This can be explicitly checked from Eq. (C15) by reexpressing the out modes χ ω R/L in terms of the Unruh modes of Eq. (48) . In this case, one finds that the mean number of Unruh quanta n 
In other words, the role of the double integrals in Eq. (C15) and Eq. (C16), whose integrand explicitly depends on the actual "trans-Planckian" physics governed by Λ, f (P ), Γ(P ), is to implement the Unruh vacuum in dissipative theories.
